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T~~ factorial expe ru1K~nts with possible outliers (John (1978))  are

reanal ed by means of robust regression techni ques . We show that u s ing

M-est irna tes of regression results in e f f i c i e n t  ana l yses which are eas ier

to np 1c:’~ent tha n  the methods p ropose l John .
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1. m t  ro hict ion

- 
I n a recent paper , Joh n ( 1~ ‘8) discussed t i me e f f ec t s  and detection of I

out liers in factorial experiments. l U s  methods were based on least sqt~~res

met hedolOg)’ afl(1 Can he ip i  ic~ I y suimri. i r i zod as f u l l  u~ - . Cons i (icr the usual

Ii flCl I ’ flX)dCl

Y = X 1 3 + E

If one suspects t hat m ou t l ie rs  are present , then the r~ dc1 could be written

as 
• 

~~ + t~ d. +

i~ 1

• where is a ‘.ector with 1 in the r c~ corres~~nd i ng to the i-th suspected

outi icr and fl elsewhere (i = I , 2,. . . ,m) .  The presence of outliers would then

be tested by Il
~
: 0 0. }kwo ver, the percent age poi nt P which one would

c~pare with the P-statist ic P~ should not he the usual upper ~ percentage L
point of the F ‘i s t r ibu t ion since the observations being tested have the most

extreme :-esiduals.

.John then discusses a simp le mod if  icat ion when there is onl y one suspected

outlier (m = 1 — use the upper (i/N percentage point of the F-distribution).

For two suspected outliers (m = 2) ,  a f a i r l y  deep analysis is required , incli~~ing

the use of simulation . For in • 3, the method becomes even more detai led .

At best , the type of ~uia 1 ysis presented above is messy, time-const~ning and

complex . The method of determining the perc entage point F~ is neithe r unified

nor written as a simple al gorithm , and out lier reject ion itself requires skill

— 
and care . Practicing statisticians with deadlines to meet will likely not hive

the time, incl inat ion nor energy to do such an anal ysis , while the comon naive

users of canned statistical program s (such as SPSS) wil l  not ha ve the technical

c~petance to do the analysis , if indeed he or she eve n both ers to look for

ou t l iers .
:: ;~~~; : ~
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2

The basic di i m icu l tv i; that least squ a r e s  is  semis i t  i v e  to out l iers , which

can drast ical l y change l arac ~~t er est inn t e s  a: mcc l I as d i sgu i se  si gn i fican t

- 
effects; ~u i s  is amp ly ii lus t rated by .JoI.n ’ s f i r s t  examp le (see Section 3 below)

In order to imapr ove th e I~u .kl i t of th& i~mss of s ta t i st ical  anal yses , wha t is

needed are j u ot co ’-q~ lex , -
• . procedures for detect in~ and modi fy i ng outlier s

1 ith er J)rocedmlres vi ; icim arc in sen s i t iv e  to the ~: resence of out i i’’rs (see

Cook (1977j for a treatment of out l iers  in independent variables in regression).

Ideal lv , such robust (non- least squares) nK’t hod:; ;h u m ml d ive res mi l ts (for most

problems ! ) which arc sim i lar to those obtained by omit i icr  detcction and modi Ii -

cati m procedures. The recent statistica l literature abounds with proposals

to a t tai~m this goal , the most popular of whic!-~ are Ihiber’s (1964 , 1973, 1977) 1 ~~I-est inm ate ; . This rathe r in tensively  st m ~]ied class has been specifically

designed to be inse~sitivc to out l iers a~ l to reta in  hi gh efficiency when the

errors arc heavier-tailed than the nonm~il , two properties not possessed by

least squares. The basics of M-estiwtes are reviewed in Section 2. rn

• Sc t i on  3 we app ly these im~’thods to John ’ s f i r s t  examp le , while in Section 4

We discuss John ’s second example. We find in 1)0th cases that one pass through

a robu st regre ssion ptx gram based uui M-est imatcs y ields results closely similar

to those obtained by John ’ s comnp le~ an alys is .

Ibniel and V ood (1971) ;itt d Andrews (1974) analyze a data set iii a regression

context . The former use least squares and , decide (after very detailed analysis)

that there are three outliers. Andrews uses robust techni que s simi lar to those

presented here and shows that the (lecisLon favoring three outliers can be reached

in :i muc h easier and more rout inc fashion . Thus , the advantages of robust

techn ique s are not limited to t h e  factorial experiment s analyzed hercia .
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3

2. M-est inmates of Regress ion

Least squares estimates minimize

(2.1) 
I

where 
~~~

(‘ .)  = ~f. The quadra t i c  form of ; u s  what makes least squares sensitive

to Out l ier s .  L ’hi s can also be seen if one d~fincs •~~ ~~
‘ , for then one solves

• ( 2 . 2 )  . ( ( > ‘ ~ -x ~~~} / ) x .  = ‘~ ,

where for least squares ~ ( )  = . In order to achieve robustness against outliers

and high efficiency for distributio ns heavier-tai led than the no rmal , Huber

• (1964) , Andrews, et al (L)72) and I lanpel ( 1~~’ 1)  suggest that ~ be a bounded S ~
function , and that scale be estimated i i i  one of t v ~o ways :

(Proposal 2) Solve s imu l taneous ly (2 . 2) a ad ‘

(2. 3) (n- p ) 1
~~~

;2 1(y ~ -x~~ ) / I )  ~~~~ (2) ,

the expectat ion being unde r the standard normal ,

, 4 median abso l ut e residua l‘-. ~ ~LM)) o fi~ m median j / .o745

(This is asyrlq)tot ical ly equa l to one for the norma l model.)

In both cases, the solution is found iterat i ve l y .  (~~e chooses a startin g value

for -
, solves (2.2), t hea updates by (2.3 )  or ( 2 . 4 ) ,  et c . ,  continuing until

convergence. Algom -i tiumu s arc ava i l a i ) I c  in I lubc r ( 1 9 7 3 , 1977) and Thi tt cr (1976) ;

the author has adapted these algorithms for use in the SAS computer programs

(a card deck is available upon request). In neither case is the computation

burdensome .

• The typ ical choices of ~ are

Ihiber’s ~(x) = •p(-x) = max(-k , min(x ,k)) , with k generally taken 4
as 1.~ or 2 . 0 .

_ _  
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4
I hammipet’s mp (x) =

0 x a

a x ~~~h

c-x ) h • x c

= 1) x - C •
I

And rews ’ j ’(x) -~~( - x)

= sinc(x/c) 0 -
~ x ci 

• I
= 0  x - C-- . I

The const-mt c is often t iken is 2 1
H

The fact that Ikm~el ’ s ~ and Andrews ’ ~ t ’oth redescend to zero suggests

(Ilampel (1974)) that they give no i~~ight to gross outliers , while Fbjber ’s ~
• will give some weight to these outliers but not nearly so much as least squares .

The redescending mp functions (tum like Ihmhe r ’s ~
) can have problems with conver- •-

gence; for t h i s  reason we adopt the convent i~~ 01 first estima t ing ~ by i kiber ’s

t method and then using at n~ t two iterations of the algorithm for I~~rq el’ s and

ndr~ws’ maethods . i~ all  these cases , under proper cond itions , the robust

re;ression estimate of F~ is asympt oticall y normally distributed with mean

and co. ar iancc fia t rix w im ich can be est iinated by

(2 .4)  t n ) ~~
2 (r ~ )/ {~~~’(r 1) } 2 ) ( X ’ X Y ’

wi-mere the standardized residu als  arc

•— —r 1 = (y 1-x 1~ )/o

Ikiher (1973) and Andrews, Ct al (1972) show in  simulat ion c~~er iment s tha t

the estAmates are generally n~ re efficient than the least squares estimates ;

they arc only sli ghtly more variable than least squa re s for the no rma l Ii~(lC l hu t

are considerably less variable for heavier taile d models.
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Inference about t lmt ’ paranmet ers can take it l eas t  t ~.n lorms , both based on

the a~ )rox ima t ion ( 2 . 4 ) .  Schrader and lk~ttmauispem -ger (unpublished) suggest an

analy sis of the usua l drop in sum af sqt~i res s t a t i s t i c  us i ng ~ (r i ) .  Bickel

(19Th , diScussion section ) suggest s the approach used here . Let

I
A = U ) 

~‘(r ~
)

1=1

= ] + (p/fl)(1-A)/A

ilie ter m r~ is su~~este~: by I tuher (1973, eqllat ion ) as a variance inflation

factor for ( ?  .4 )  i f  p/n i-s imu t smna i i .  1k’ f I n e  . -  •‘ —

• = x~~~ + ~~~(r~ ) / \  .

Then , the least squares estimates for the model V Xv + c are exact l y ~~
(this fo l lows from (2. )). Bick el suggest s t hat  asymptot i cally correct tests

Can be oht a i ned by def in i mig t lie ps eudo—va I ne-s an~l us lug t hem in convent ional

least squares packages.

In the exan~~les below , ~~~~‘ used ~ given by ( 2 . ~~) ;  for I kiber’s ~ we took

k = 1. 5 , for lkmipel ’ s a = 1 . ! , b = 3.~~, c = R .0 , w h i l e  for Andrews ’ , - = 2.1.

• 3 . First Lxanq le

John ’ s f i rs t  example i s  a ~1 1 f r ac t  i on:m I rep ) icat  ion of a 34 exper i meat

lime effects of each factor ar c split into l inear  and quadratic components

(AL , AQ, RI ., l~~, CL, CQ, I l L , 1X~) and three interactions arc formed by niulti p li

cation (AL BI , , AL& L , BIfl. ) . Observation 11 is  a suspected outlier ; the predicted

va 1 es and res iduals for the four methods are g i yen i n Tab 1 c 1. In Fi gure 1

• ~~ presen t schematic plots of the residuals for the fou r methods (see Tukey

( 1972)).  The length of the box correspond s to the intcr quarti le range , the

lengt h of the tails is described by the verticle dashed lines , and potentially

serious out lie rs are i ml i ca ted by the symbol ~~~~~~ The obvious conc lus ion f rom

Table 1 is that the I kt mpcl and Andrews method are particularly robust in that

their predicted value for observation 11

~~~~~~~~~ 

•
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L
( m )  Is  c i ’  —.c to J niui ’ s ref~ tted vale;

( i i )  hardly chang es when the or g m l  obse rvat  ion ’ y - 1-i is replaced by

the r e f i t t e d  vale v

Prom F i gure 1 we see tha t the robust iimcthods f i t  the data muc h better t han

does leas t squires , again mi d i cat  lu g the v a lue  ol t L~ •c p rocedures.

In Tablc 2 we present i~ n i  t :cancc Ie~’-1s for  t ime  ef fec ts  us in g t i p ’

O r ig inal observations and t Len us ina ~ the refit ted observat i on I I  • The striking

• features are that

(i ) ihe I kunpe l and •\i,d a ‘~~ : methods g I v~’ in one pass on t h e  ( ‘ n - i g i r a  I

observ ations CSS L - ’I t  i at  lv the same an:a lv s is  as does .JLh n ’ s~ ~orc

complex ref i t ted data;

• (ii) the significance levels of the I kuimpe t and Andrews methods do not

• change to any large extent after observation 11 is modified.

)~c conclude that for the 34~~ exampl e , the robust regression methods compare L
fav~ra!-lv with John ’s method . The si g n i f i ca n c e  levels  are s i m i l a r  and the

robust methods are , in genera l , considerably easier to imp lement .

4 . ‘econd hxan~ l e

The second example John uses to i l lu s t r a t e  his method is a confounded

exp eriment , the block effects confound i ng the hi ghest order interact i on . After

lengthy analysis he concludes that two slLspectcd outliers arc not really outliers

and should not be refitted. In Table 3 we present :signiiicancc levels for the

four test : ; , w im i  Ic in Fi gure 2 the schemot ic p lot of the residuals is gi vez~

The major difference between least squa res and the robust estimates exhibited

in Table 3 is that the latter show a math effect in B significant at the .05

leve l , w h i l e  for least squat-es the si gnificance l evel is approximately .13.

Although John ’s analysis suggests that there may well he no j ~~ac outliers , we

see that the t reatment combinat ion s ad and d are su f f i c i e n t  ly  discrepant from

the ot hers so ;is to i n f l a t e  the least squa res mean square erro r and thus

obscure what appears to be a s ign i f i can t  ma in  effect . The I lampel and Andrews 

- -~ ~~~~~~~~~~~~~~~~ 
_____ ______ -
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flV t L~it Is a lso find t h e  BL liltei R I ion, t~> I~ (e . n : , 1 . I ~ - .1 ~‘ r j  I h i l i t

In the previous st t i on ~c found that a gros ~ om it l i e  r can radical ly

affec t a I~ast s~uares an~i1ysis , while hiving a much snvniler effect on the

rob ust methods . In t }i I :  exaii~~le we have seen that -. Ii ~ht ly discrepant obser-

• vat mons (perhap s due to a distribut ion heavier-tailed than the no rmal ) can

ii;~ 1at~ the least squares mean squa re error , cat u s m c  i t  to lose efficiency .

S. Di scussion

The exan~)les made clea r that there is mu ch to he L;i i ncd hy using M- estima te~
of regression . The t reatment of des igns (with p oss ih ic  ou t l i e r s ) b>’ these

methods is eff ic ient  and easy to implement . The quali ty  of s tat ist ical  analyses

W i l l  be g rea t ly  improved by n-out inc use of M -est i m:i tes :ms one of the s ta t i s t ic ian ’s

a
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lable I

Predicted values ant i i c s  iduals for ohscrvat xon 11 ia the 34-1 experi-

ment , based or~ t he o r i g in a l  observations.  Johi m ’ s ref i t t ed  value is

62 .33.

(~I t ~~~~l aR j luhe r h imiu peb Andr ews

Obse rved va l ue l b  Ii 14 11

Predic ted value 46 . 2 5~ .7 57 .7 59 .4

Re~ idua1 -32.2 -41.7 -43. 7 -45 . 4

• R e f i t t e d  v a h i ~ ~2.33 62.33 62.33 62.33

- PreJILt ~~l V I L L  af te r  m e f i t t  imi ~ 62.33 ( 1 . 2 6 1. 6 1.6 t

Residua l a f t e r  r e f i t t i n g  0 1 . 1  1 . 1  0 . 7

1 

‘0

1

i

I
-a

_____ -~~~
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Table .‘

Significanc e lewis for the 3 1 1 t x 1 a r  i r -vmn t  us i ng he four me thod -

Blank values indic at i -  a s i~ n i i f icanc r level greate r tha n 0 .10.

OrLgl ’ta l ()~~ervat L n m -  ‘-1 ~ i icd (~h~crvat ions (‘t 
~ 

= 62. 33

Effect s  MU~L i ,  0 Methods
4 —— — — —-  I’

Least Squares Ih iber ILr ~p el An d re~-. ;  l .e l~ t ~ m ~
- -

~ h tuber h lampc I

Al .01 .~~M ) MM • K MI  .00 .00 .0~
0 .02  .01 . 01 . 01 .00 .ul  .01

H . 1 0  .08 .~ . 03 .06 . M 1 . 0,

. 06 ~ . .10 .10 ( . 1 1 )

- 

CQ . uS . 06 .03 .~ 2 . 03

1~1.

ALBL

ALCL

1 BLCI. .00 .00 .0 1 F .01 . 00 .00 .01

I>rethcted 46 .22  SS.70 57 . 72 59 .35 62.33 61.20 61.17 61.60

40

I

L- 
- ~ 
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• 
0 ~~~~~~~~~ ~ -

~ i gni f icance levi ’1 s for the coiifi~u~ded ‘
~~ expe r i nvnt . Blanks

indicate a level greater than 0 .10 .

Source lkast ~~ I ( s  t k m h c u l L - ui~~el Andrc~~

A .01 . 1)0 . 00 . MC )

B . 03 .02 .02

C .03 .01 .01 .03

( CO . 00 . 00 .00

E ( . 1 1 )  .08

Blocks H
AR

AC . 04 .0-1 . 04 . 07

Al )

AL . 01 . 00 .00 . 00

BC

RE )

RE .09 .06

Cli ( . 11) . 06 . 07

t)E 
•

_____ 
0~~ ~~~~~ ~~~~~~~~~~~~~~~~~
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“Two factorial experiments with possible outliers .I~1~u4L9~O~-?arereanalyzed by means of robust regression techniques. We show that using
P1-estimates of regression results in efficient analyses which are easier

- mto imp lement than the,,,methods proposed by John.
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